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A convolution structure for Jacobi series.

5 Piu’s)(x) be the Jacobi polynomial of degree n, of order (a,B),
fined by

n .n
%)% (14x)P Pr(lo"s)(x) = ———-—(;1) = [O-0™ (140)™F], o, 8 > -1

ot nr o ax®

:se polynomials are orthogonal on the interval (-1,1) with respect

the weight function (1—x)a (1+x)B and normalized by
(a,B) _ I'(n+o+1) _ a

» convenience we often change the variable x = cos ©. Then the

1ctions Pia’s)(cos ©) are orthogonal on (0,m) with respect to
2) p(a,S)(e) = (sin %)Eaﬂ(cos _(;_)EBH

1 with

3) [l *8h1 Jﬂ (%) (o5 0)32 p(*8)(6) ao

0

I'(n+o+1)I'(n+B+1) _ -1
(2n+a+821?F(n+1?F(n+a+s+1) = C™).

(a,B)(

: functions P cos 0) are the eigenfunctions of the differential

n
:rator
2
P(Q—) = - (d + (0-B)+(a+B+1)cos © g____>
do 302 sin © 30

.ch can be written in the form

» pd) = - (0BT LB e) &y




. the boundary conditions

dPéa’B)(cos o)

) = =0, ©=0,0=m.

eigenvalues are An = n(n+a+B+1).

differential operator is selfadjoint with respect to the scalar

(asB)(e)

uct with the weight function p

(m m
— (o —_—

) | p2(0) &(6) o(*8)(6) a0 = f £(0) Pa(0) 0 ***)(e) a0

0 0
ollows easily from (1.k4).

1 . . . .

5 = Aé we shall denote the corresponding realization of P in L1.
f(cos 0) be in L1(O,ﬂ) with respect to p(a’B)(O), i.e.

m
I1 = J | £(cos O)lp(a’s)(e) d0 < «, Then we associate with f(cos 0)
0]

formal Fourier-Jacobi series

o«

N (a,B)_ (a,B) (a,8)
f(cos 0) nZo &, w. Pna (1) Pna (cos 0)

~

ww

(a,B)
m P'7?>"/(cos 0)
) a = JO f(cos 0) P?Q’B)(1) p(a,B)(o) de.
n

>wing the paper of Askey and Wainger [3}, we introduce the kernel

) K.(0,0,9) = ) ot P
n=0

lefine

fr(cos O,cos ¢) = J K (0,4,0) f(cos ¢) p(a’s)(w) dy




1 order to show that lim fr(cos 0, cos ¢) = f(cos O,cos ¢) for almost
r>1"
rery © and ¢, a property clearly satisfied for a dense set of functions,

; .is necessary and sufficient to show that

m

1.10) J [K_(0,0,9)] o®B)(y) ap < a 0<r <.
0

re Ljusternik and Sobolew [9], theorem k4, p. 103.

s:lation (1.10) has been shown by Askey and Wainger by a long and

:dious calculation Eﬂ.

irthermore for a dense set of functions

f (a,8) -

|fr(cos 0,cos ¢) - f(cos O,cos ¢)| p* **/(0) A 0 as r »+ 1

)

r almost every ¢.

reover, using (1.10) and the symmetry of the kernel,

|fr(cos 0,cos ¢)] p(u’B)(O) dao =
)

m m

i J | [o K.(0,6,9) f(cos ¥) o8 () ay| o*)(0) as

m ( m

E.j |£(cos y)] o(®8)(y) {J [K_(0,0,9)] 0(48) (6} g0} ay
0

™
; A:J £(cos )| o{*B)(y) ap.
0

mce it follows that for almost every ¢

fr(cos O,cos ¢) > f(cos O,cos ¢) as r - 1

. L, with respect to the measure p(“’s)(e) d0 and almost everywhere

1
. 0.




he special case that y = 0,. the kernel

K (0,6,0) = J % o{®B) plesB)iog oy plesB)(og o)
r n n , n
n=0
ositive as is shown by Bailey'[}ﬂ by explicit calculation.
hat case it follows from the orthogonality that

" (a,B)
K (0,4,0) o (¢) d¢ = 1.
T
0

e fr(cos ©) > f(cos 0) as r > 1~ for almost every O, which shows

Abel summability of the series (1.7). In a recent letter to Prof.
¥, G. Gasper announces to have shown the positivity .of the kernel
e assume g(cos ©) to be in L1(O,ﬂ) with respect to p(a’B)(G) we

define
" (a,B)

1) h(cos 0) = j f(cos O,cos ¢) glcos ¢) p %58 () do.
0

Fubini's theorem it follows that h(cos 0) is in L1(0,ﬂ) with

ect to p(“’s)(@) and that

2 sl <A L2l el
it is not hard to derive that if g is in L_(0,m) then

3) lall, <4 llzll, el

||g||°° = sup lg(cos O)} < o,
0<o<m

1211 call h(cos ©), defined by (1.11), the convolution of f(cos 0)
;(cos ©). From the fact that




m
J f(cos O,cos ¢) glcos ¢) p(a,B)(

h(cos ©) ¢) d¢

T
J f(cos ¢) g(cos ©,cos ¢) p(a’ﬁ)(¢) a¢
0

1ich is easily verified, and from the inequalities (1.12) and (1.13)

my important properties follow. See 0'Neil [11].

» shall call f(cos ©,cos ¢) the generalized translation of f(cos 0).

, 1s a generalized translation in the sense used by L&fstrdm and Peetre
@]. In their paper they make the connection between a generalized
-anslation operator and a differential operator of the form (1.4) with
nundary conditions (1.5). They show that the remainder term of the

wlor series can be estimated by
c1k) | |£(cos ©,cos ¢) - f(cos ®)||p <C ¢2 [|A®f||p, 1<p< .

 shall use this estimate in the last section.
. is clear that if f(cos ©) has a Fourier-Jacobi expansion (1.7),

en

.15) A@ f(cos 0) n nZo 8, n(n+a+R+1) wié’s) P;a’e)(1) Péu’8>(cos €]

rthermore it follows from (1.10) and the definition of f(cos 0,cos ¢)
at

.16) | | £(cos ©,cos ¢)[[°° < A ||f(cos (9)]|°° .

. the following we shall study a special class of Jacobi series such

F(cos 0) ~ n£1 n™Y (10g"n)® wéa’s) pi“’s)(1) Pia’e)(cos 0).




lo this
: probl
d be s
he las
ne fra
‘olutio
hall p
differ

hall u

s to a

way similar to [%], where Askey and Wainger treat the
' ultraspherical series. At a few places the proofs
'ied a little.

ion this special class of Jacobi series is used to

1 integration and differentiation by means of the
cture and the differential operator Ae defined .above
hat all the usual properties of fractional integration

ion remain valid.

nd o in the usual manner. We write F(x) v G(x) as x

ean F(x)/G(x) tends to 1 as x tends to a.




Summation by parts and a criterion for Fourier=Jacobi series.

| this section we develop a method of summation by parts, which
'pends strongly on the Christoffel-Darboux formula. It can be used to
» some work normally done by integretion by parts in the theory of

le Fourier integral, when one uses the fact that

plitx) = (ix)_1 %E exp(itx).

. an application we shall prove a simple sufficient condition for a
ries

oo

z a(n) wr(la':B) Pfla’s)(1) Péa’e)(cos O)

n=1

" be a Fourier-Jacobi series of some function.

mma 2.1.

t a(n) be a function defined on the positive integers. Let

N

N,cos 0) = 2 a(n) wia’s) Péa’s)(1) Pia’s)(cos 0).
n=0

en

.1) N ‘

ere, if d(n) is a sequence of numbers,

A' d(n) = A d(n) = d(n) - d(n+1) (n=0,1,...,N-1)

A" 4(N) a(n).

particular, if a(n) = (¥ (-en) (e>0), we have
.2) -

cos@) = ) a(n) w

(a,B) P(G,B)(1) P(G,B)(
n=0 n

cos 0) =
n n

= f A a(n) —_Lﬁill_ (a+1,B) P(a+1,3)(1) P(u+1’8)(

2n+a+f+2 n n ‘ n cos 0).

n=0




f'

proof is essentially the application of the Christoffel-Darboux
ula for Jacobi polynomials. (Szego [12], (L4.5.3)).

n

N
] ot atm) § wl®B) pleaf)iy) plesB) g 6)
n=0 k=0

cos 0)

I'(n+o+R+2) P(a+1,8)

T(a+1)T (n+B+1) 'n (cos ©)

[}

N
) A" a(n)
n=0

[}

lg A' a(n) __(_O"_ﬂ_)__ (0L+1,B) P(d+1,6)(1) P(a+1 ,B)(

2n+o+B+2 n n n cos ©)

n=0
(o,B)

(cos 0) does
n

) follows by taking the limit as N - «, since P

grow faster + than a polynomial in n.
hall need a lemma, which deals with the repeated application of
a 2.1. We shall state the results in terms of derivatives rather

finite differences.

3 2.2,

v be any possitive integer and let a(t) be a function of a real

able t. possessing v continuous derivatives. Assume that

.

3 ;
li_ai__)_‘ = (y(exp —Et) for J = O: 13.

: = cees V,
datd
any € > 0. Define
3 @) = Z \a(n) w(a,B) P(a,B)(1) P( ’B)(COS O).
n=1 n n
we may write
) (s}
»0) = (0 I Lot g Bl ) pleeB)(eos o)
n=1

N .
E1(cos @)1




1ere
q1(t) = E%;E%EIE %f a(t)
0. (t) = s o, (8) (k22),
.S0
1) B(cos 0) = T o(5.) s &) .
j=0 n=1 at"™d t=n

P(u+v,8)(1) P(a+v’6)(cos 0) + E2(cos 0).

n n
e c¢(j,v) are numbers.
ri=1, 2

vi1 ' o v=J (a+v

E.(cos 0) = a.(j,v) z n Yy . ’
j=0 * n=1 mv=J*1 n
+ +
Piu v,B)(1) Pia v’s)(cos 0)

ere di(j,v) are numbers and

J
|yn | < max IQ;ELEl ;
> n<tinta at?

is some integer depending only on v.

oof.
start with equation (2.2) and then apply lemma 2.1 again. W
e process v times in all and then we use the mean value theo

place differences by derivatives. This finishes the proof.

at
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rem 2.1,
a > B > -3 and let v be an integer > o +§.
0,) and that a(t) approaches zero as t -

v + 1 continuous derivatives on [0,®) and

d (
Y =  max 'd a(t)

Bsd n<tinta at?

2

e as in lemma 2.2.

1ly suppose

e :
z nJ Ynj < @, J=1,2,
n=1 ?

there is a function F(cos ©) such that

!ﬂ | F(cos 0)] p(a’B)(O) do < =
0

m P(a’B)(cos Q)
an - IO F(cos e) P(OL’B)(1) ©
. n
£
Fe(cos 0) = ) e % a(n) wia,B)

n=1

emma 2, equation 2.4 (with e™°%

=]

F (cos 0) = ) Y ey . e
€ k,j,m n=1 k,J,m,n
{dk a(t)} P(a+v,8)(1) P(a+v,6

k t=n 'n n

dt

a(n) inste

le a(t) is cc

'thermore ass
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le coefficients c, . are bounded for fixed v and the summation is
k,3,m,n

‘tended over non-negative integers k,j and m such that k + j + m = v,
d what is very important, at least one of m and k is equal to or

‘eater than one. The remainder term E, is of the game form, but here

1
+ J +m > v, It gan be handled in the same way as the main term. Let

(cos ©) denote those terms with k > 1. We use the trivial estimate

Y exp(-en) =& (n ™). So, by (1.1),

[+

]Ss(cos 0)|=01 ) ) pomd-m Yo IPéa+v’B)(cos 0)]|}
k,j,m n=1 ?

ere k + j +m=vand k > 1.

- need the following estimates (see Szegd [12], 7.32.6 and 4.1.3)

) ococn o [ (cos 0)| = 0072 (ne)EdnE)

6) ococr o [B{F)eos 0)] = 6(a®) a > .

then find

.7) JZ {Pr(l"‘*"’B)(cos 0) 0 ®®)(6) a0 = ¥(nV*2) .y > +%

us by hypothesis

m ( ) - ‘
|s (cos 0)]e ®,8 (0)ao =(%¢( na-J-m+1Y nv—a—2)
o ° K,j,m n=1 n,k

=(9,( z nk-1 y

n=1

n,k) <M<

(a’B)(@)

does not depend on e¢. Therefore Se(cos @) p converges weakly

a measure (see Ljusternik and Sobolew [ﬁ], p. 175). Moreover, using
.5), we see that Se(cos 0) p(a’B)(O) converges pointwise as ¢ + 0F

rO<oec<m and1uniformly in any compact subinterval of (O,ﬁ].

k-2 or (2.5) is compensated by the factor (cos 8026+1
. + . .

p(“’s)(e). The factor (sin Q)2a ! cannot compensate the singularity

2 1
0 completely because we have here a factor 0 ° "2 due to the

e term (m-0)

mmation by parts.
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ut Te(cos 90) = Fs(cos 0) - Se(cos ©). In these terms k = 0 and
1. Using again the fact that el exp(—%n) = C?(n—l) we see

(o]

Y - v=j+1 V=] (a+v,B) (atv,B)
0s 9) = )} c. ) e P aTVTIT eV g(n) UOTVR/(q) pOVSR) (g 0).
j=0 9 n=1 n n
w £
cos O)l =G‘( z e e 2 =Vv=J+1 =v+j+1 I ( )l o+v IP(OL+\),B)( os O)l)
n=1

= ) e e_.é-n pVtere la(n)| lPia+v’6)(cos 0)]).
n=1

e a(n) is bounded and (2.7) holds we have

(o]

m
J |T€(cos )] p(“’s)(@)de =We ) exp(—gn)) = Cy(1L
0 n=1

we may conclude that Fs(cos 0) p(a,B)(@)

converges weakly to a
ure u as € > 0. Moreover Fe(cos 9) p(a’B)(O) converges uniformly
ny compact subinterval of (0,7]. This implies that the singular

of W is concentrated at O and therefore is a §-function at O.

ish to show that W is actually absolutely continuous, that is u

no singular part. Let u‘= Hy * us,where My is gbsolutely continuous

us a 8§-function at O.

ave
T £
|Jo p ’B)(cos o) dual 5_J2 |P( ’ )(cos o) |au | +
™
+ J IPia’B)(cos 0)] ldua[ = o(n%).

€
n
(1.1) it follows that if Mg is not zero,

" (a,8) . o
P'"?"/(cos ©) du_ is not o(n') as n =+ =,
o B s
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the other hand

m T
JO Pia’e)(cos 0) du = i-ilg"' JO Péa’s)(cos 0) FE(COS 0) pl
= a(n) Pia’B)(1) = o(n%)

is 1s a contradiction so Mg is zero.

let H(O©) be the derivative of p and take F(cos 0) = H(0O) {p(a’s)ﬂ

1ce H(0) is in Lys F(cos 0) p(a’s)(e) is in L,. Also Fe(cos 0) p(oc1

1ds to F(cos 0) p(“’s)(e) weakly. Therefore
T P(a’s)(cos 0)

a(n) = n F(cos 0) o *B)(g) ao.
n ) Pga’B)(1) cos o

1

ls finishes the proof.
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\lementary properties of slowly varying functions.

iegin with two definitions.

nition 3.1. We shall say that a function b(t) is slowly varying if

satisfies the following three conditions:

b(t) is in C (0,»).

For any 6 > 0, there is a t, > 0 such that £° |b(t)| is increasing
for t > to. 5

For any 8§ > 0, there is a t1 > 0 such that t~ ]b(t)| is decreasing
for t > t..

1

hall need a more restricted class of functions S. We shall use the

owing notation:

h (t) = b(t),

d
0 =t hn_1(t) n=1,2,3, ... .

jay
ct
|

se hn(t) in the following definition.

nition 3.2. A slowly varying function b(t) is said to belong to

class S if all its associated hn(t) are slowly varying.

on examples of functions of the class S are
(t+10), log log™(t+100) and log®(t+10) log logS(t+100)

nd ¢ are arbitrary numbers). A large class of slowly varying

tions using Hardy's L-functions is given in the appendix to Wainger

hall give some simple properties of slowly varying functions. They
also be found in DL] s [13] and |:1LZ| » but they are so easy that we
ude the proofs.
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na 3.1.

b(t) be slowly varying. Then

b(t) is either non-positive or non-negative for sufficiently .. .
large.ti.
b (t)] = o(+™"b(t)]) as t + =.

of.

There is a to such that t Ib(t)l is increasing for t 3_t0;rthere-
fore t b(t) must be either non-positive or non-negative for t >
Thus b(t) must be either non-positive or non-negative for t> by
This proves 1i).

Let 6 be any positive number. It suffices to exhibit a t2(6) sucl
that

1) [br(6)] < 6 ¢!

[b(t)|
for t 3_t2(6). By part i) of this lemma, we may assume with no
loss of generality that b(t) > 0. Then by definition of slowly
varying, there is a to(d) such that t° b(t) is increasing for

t z_to(d). Therefore,\d {‘r;(S b(t)} > 0 for t > t

§—1 at g 0
t i_to(é), S t b(t) +/t7 b'(t)->°0, and we see

(8). Hence, for

1

) b'(t) > = 8t Db(t) t >t .(8).

Similarly, differentiation of t_6 b(t) shows

(3.2) and (3.3) imply (3.1) with t, = max (t0(6),t1(6)).

This completes the proof.
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la 3.2.
b(t) be a slowly varying function. I and £3 be positive
ers with 52 < £3. Then
max |o(t) - p(1/R)] v{1/R)|)
52/R§p§§3/R
> 0.
£
lay assume without loss of generality 52 <1< 53.
ose 62/R <t < 1/R. Let § > 0. Then ma 3.1, there is an R,
1
Cthat [b'(t)] < § 7 |b(t)|for t > and such that t2 |b(t)|

ncreasing for t 3_52/R1. Thus for R

1/R
|o(t) - p(1/R)]| = IJ b'(

t
1/R
<$ J t t)] at
52/R
1/R
<8 J t |o(t)] dt
£,/R
F /R 2
< 8§ R72 |b( J t < at
€2/R
-3
< 28 £ | |
1ilar argument shows that there exist 2‘such that if R < R2,
1/R<t 5_53/R,
1
|o(t) - b(1/R)] < 28 gg |o(

e § is an arbitrary positive number, completes the proof.
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na 3.3.
b(t) be in the class S. Then for n > 1

a"b(t) _ .-n
0 t g sj hj(t).

Bj are some numbers. The hj(t) are the slowly varying functions
>ciated with b(t). The sum is extended over a finite range of

nation, and the value j = 0 does not occur.

)f.

proof is by induction. For n = 1, the statement is obvious since

'(t) is h1(t). Suppose the lemma is true for n = k; then

k+1
a d . -krk dkbgt
b(t) = — {(t7 [t )]}
get at gtk
k-1 k dkb(t) ~k-1r.d k g
= -kt [t ] +t [t (t7 £=b(t)])].
atE at atk

the conclusion for n = k + 1 follows easily from the inductive

ythesis and the definition of the hj's.

a 3.4, : -

b(t) be in the class S and let b(t) > 0 as t + =. Then J |b'(n)]
n=1

£,

emma 3.1, there exists a number N, such that b(t), b'(t) and b"(t)
of constant sign if t > N.

lay assume without loss of the generality that b(t) > 0 for t > N.
) is of constant sign it follows that b(t) tends to zero monotonica
t > N. From the fact that t |b'(t)| =o0(b(t)), see lemma 3.1, it
ows b'(t) tends to zero and because b"(t) has a constant sign for

N, b'(t) tends monotonically to zero for t > N.
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then

n

la 3.5.
b(t) be slowly varying.

|o(kt)| ~ |b(t)| for every fixed k > O and uniformly in eve

interval n < k i_%3 0 <n <1

© |b(t)| dt, B (t)
1 n=1

as t >  and B(t) #7(1) then

If we write B(t) =

ft -1 - %] .~

|b(n)

If 1 <k < 1/n, then

th f.lb(z)l, lb(kt)l j_ké |b(t)| j_n_6 lb(t)l for sufficie
) t D

e t. Similarly |b(kt)] 3_n6 |o(t)|. Making & arbitrarily sma
proves statement i) for 1 <k i_1/n. The case n <k <1 is

n analogous way.

Let k > 1. For large t, using i) we obtain

-1 t -1
B(t) > J T |p(r)] at ~ |u(t)] J T dr = |b
t/k t/k

1g k large we obtain |b(t)| = o(B(t).

— |b(t)| is ultimately decreasing we have for large k

< B(k) - B(kn-‘l) < b(k-1)

b(k) e .
X < = Tk-1) which 1mplies

)| | [oGe1)] bl
k - k-1 k :

0 < B(k) - B(k-1) -




b(k-1
k-1

B(k) -

19

converges, !

w1,

. 3y but tl

stant, which

s the

n part:
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lehaviour of a special class of Jacobi series.

main goal in this section is to study the behaviour near 0 =

wcobl series of the form

Z b(n) n—Y m(a’e) P(G’B)(1) P(a’s)(cos o)
n n n
n=1
LY > 0. b(n) is a slowly varying function. (See section 3).
treats the case 0 < y < 2a + 2. In theorem 4.2 we shall inve

case Y = 0. Finally, theorem 4.3. will deal with the case ¥y

ced the following lemma

| Lb.1.

Y > a + %.

0O<oO<m

N
F(COS O) = lim z n_Y w(a:S) P(G,S)(1) P(G’B)(COS
No®  n=1 . . n
ts. Also F(cos 0) is continuous for 0 < 0 < 7.
> 2a + 2, F(cos 0) is continuous for 0 < © < m.
=0

F(a+1~%) o Y=20-2
F(cos 0) = ————=—— (sin E) + E(cos 0).
r(L)r(a+1)
2
_ 0 Y-20-1
E(cos ©) = (3{(sin EJ }if o+ 3 <y < 2a + 1;

>2a + 1 E(cos 0) is continuous and has the form

Y=-20.-1
E(cos 0) = A + F{(sin g)}
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of.

is easily derived from the formula (Erdélyi [6] (10.20.(3)))

r(a+1-1) Y=20-2
1) — (sin QJ =

r(H)r(a+) 2

©  T(n+B+1)T (n+o+1-L)
-3 2., (

n=0 F(n+a+1)P(n+B+%+1) n

o,B) Péa35)(1) péa’8>(cos 0)

(Y>o+3)

any positive j there exist Aj such that

F(n+6+1)F(n+u+1~%)

1
= — +
P(n+a+1)P(n+B+%+1) n'
j F(n+B+1)F(n+a-1§l+1) -
+ i )\1 ol + (™Y,
1=1 P(n+a+1)P(n+B¥%5—+1)

e choose j sufficiently large, lemma 4.1. follows immediately fron

) and (2.6).

1w b,2.
w and 2 be fixed.

1

T vyvy< 20 + 2

-1
wo
) [ Z] 2 w(8) p(0B) (1) [pe8) (o0n 0] = B (o2
n=1
If © tends to O++ and if v > a + %
;) z[ﬂ@_]] n_wala,B) Piass)(.]) IP( ’B)(COS e)l =
n=
3
= (9q®'(2a+2-Y) Q Y+a+§}

O's do not depend on w or Q.
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Proof.
(k.2) follows from (2.6) by application of

N +1
) o =@ty  p> -
n=1

(4.3) follows from (2.5) by using

Z n® = Cy(ﬁp+1) if p < - 1.
n=N

Lemma 4,3,

i) Let o + % <y < 20 + 2, assume b(t) is slowly varying and let

w < 1< Q. Choose § < min(y—aa%,2a+2-y).
Then

wo
(4.4) ) n~Y |o(n) | wéa’s) P(a’B)(1) |Péa’6)(cos 0)|

n

= O(1) + @r|p(e™")| oV 202 2ote-7-¢,

ii) Let v > a + %-and let § <y - a - %u
As © - O+
(4.5) X[ _ p' |b(n)] wlg“’e) P:fla’e)(1) |Pr(la’6)(cos 0)]
n=|06
3
-y+o+=+§
= (e~ ")] Y722 g 2y

The s do not depend on w and Q.

Proof.

i) Choose § < min(y—aa%,2a+2—y) and let m be an integer so large t
£6 |o(t)| is increasing for t > m and £ |o(t)|is decreasing for
t

> m. (Suck m exists, see section 3). Then, using (4.2),
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-1
G}
O i ] ) ole58)

(1) lPia’B)(cos 0)]
n=1

-1
C]
=) + L ) Jn_Y-(S nslb(n)lwéa’s) Péa’B)(1)lPiu’B)(cos
n=m
1
A

wod~
) n

<31) + O"alb(®_1)|
n=m

- (9( 1) + (9/{ Ib(e—1 ) IOY—2OL-2 w20t+2-y—(3}

Let © be so close to O that [h6_1] > m. Then application of (4.3)

8 to
2[90_1__]11' | o(n)]| “’:(10"8) Pia’s)(ﬂ ]Pr(la’e)(cos 0)|
n=
= Z[pe_¢] n-Y+6 n-é |o(n)| Péu,B)(1) |Piu’8)(cos 0)|
n=
vt +S
< GfoleTy| o¥2e2 g 2y
a b.bL,

me b(t) is slowly varying. Let

) F(cos 0) =
n

e~ 8

n~Y v(n) wéa’s) Pia’6>(1) Pia’s)(cos 0)

1
o + §-< Y < 20 + 2.,
sum of (4.6) converges absolutely and uniformly in any compact
nterval of (0,m).
—>0+

r(a+1-%) o y=20-2

F(cos 0) = _2 (sin 3)

I‘(-Z—)I“(aﬂ) 2

b(e”) + E(0).

~




ol
(4.8) B(0) = ofb(0™') 0772%2) L (%1).

lhe fact that the series (4.6) converges uniformly and absolutely in
iy compact subinterval of (0,m)follows from the estimate (2.5).
low let w and 2 be fixed (but arbitrary) numbers w < 1 < Q.

Chen

F(cos 0) = b(@_T) nz1 n_Ywéa’S) Piu’s)(1) Péa’s)(cos 0) + EI

E(e) = E,.(0) + E_(0) + E3(e) + Eh(e) + E_(0).

1 2 5
[fe= 1]
B(0) = | {b(n)-b(0-1)}n_Ywﬁa’B)Péa’B)(1)Péa’3)(cos 0
n=[wO_1]
Eg(@) = - b(9_1) Z n~Y wia’s) Pia’s)(1) Péa’s)(cos 0)
n=[§2®"1:]
[we~ 1]
E3(®) = - b(9—1) z n~Y wéa’s) Pia’s)(1) Piu’g)(cos o)
n=1
Eh(O) = ) b(n) o7 wéa,B) Péa’e)(1) Piu’e)(cos 0)
n=[_§2®-1:|
[wo] (3,8) H(0,8) 1) L(,8)
Bg(@) = ] b(n) 07N *oF p %Pl (q) pB) (o5 o)
n=1

ow by lemma 4.1 it suffices to such that the terms E1 to E5
L.8).

onsider first E1. If we choose € > 0, then by lemma 3.2 and lemma 4.2

t follows that

satisfy

|E1(O)] < max lb(n)—b(e—1)|
wO-]§p§Q®_1
-1
0
z n‘Y wéass) P(a’s)(1) IPiasB)(
n=1

N cos 0)|
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<e Ib(O—T)l Qy(ey-2u—2 Q20L+2—y)
= of |p(e™")| oY72%"2y,

and E3 may be estimated by lemma 4.2, E) and E. by lemma 4.3.

5
observe that each of these terms 1is
—Y+0L+-3*i-6

Cy{|b(6_1)] Oy—2a—2 (Q 2 + w2a+2—y—6) + 13

re ¥is independent of w, 2 and © and § < min(y-aa%,2a+2—y). The
ired conclusion now follows by taking w sufficiently small and Q

'ficiently large.

orem 4.1.

b(t) be in S and let 0 < y < 20 + 2. For € > 0 define

-en wia,s) Pia,B)(T) Pﬁa,B)(

9) F (cos ) = J b(n)n™" e co
£ oy
n, for each closed subinterval of (0,m), F (cos ©) converges

formly in €. For 0 # 0, F(cos 0) = lim+F€(cos 0) exists in the
: e>0
ntwise sense. Also, F(cos ©) is continuous for 0 < © < m.

©06=0

M(a+1-%) -2a-2
10) F(cos 0) = —=—1(07") (sin g&Y + E(0)

F(%)F(a+1)

E(0) = o{b(0™") 0Y72%2) 4+ (¥(1).

(a,B)(

ally, J |F(cos 0)] o 0) do < =
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>roof.

le are going to apply lemma 2.2 with a(t) = b(t) t~7 e, We take

2

;he integer v so large that y + v > a + o
le obtain

Fe(cos Q) = ME(O) + E

(0) + Ee’z(@) + E_ (0).

€,1 »3

'he terms Me(O), E8 1(e) and EE 2(e) all come from the main term of

t] 9
rquation (2.3) which in the present context is

a 1 14 < =y _-¢€t
T {t ey {... {b(t) t7" e "}1}}

t dt

t]—
2
ot |—

'he main term M€ arises from taking derivatives only on powers of t.

- consists of the remaining contribution of terms not involving
’ — . - .
erivatives of e Ft. E_ 5 1s made up by terms in which at least one
’—
erivative is taken on e Et. EE 3 corresponds to the term E1(cos o)
b

n equation (2.3).

_(=1)Y r(atv+1) . —en [14 14, 14, -y
M (0) = oV T(a+1) Z b(n) e T at't avlt'E aplt |
n=1 t=n
w(a+v,8) P(a+v,8)<1) P(a+v,8)( os 0)
n n n
Y
D(atvt1) [(5HY)
I'(a+1) Y
r)
J b(n) e V2V L{o+Vs8) P(a+v,8)(1) P(a+v,6)(cos 9).
ne1 n n n
SY+Vv>a+ g-it follows immediately from (2.5) that the series

(0) converges uniformly in € in any closed subinterval of (0,m).
€
E(e) with € = 0 is a sum of the type treated in lemma 4.L4. Hence
pplying lemma 4.4 and using the regularity of Abel summability, we

ind that M(0) = lim MS(O) exists and is continuous for 0 < 0 < .
>0
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:over as O > 0+
X —2a-
_ T(a+v+1) () Fo+1-3) . g,Y20-2
M(0) = NETSD) (sin 3
r(%& F(é+v)F(u+v+1)
¥
I(a+1-L1) y=20.-2
s —2=2 b(@_1) (sin g? + E)4
I (3T (a+1)
E, = ofb(e™") Y22} L (¥(1).
10w investigate EE 1(O).
© _ v o . j
@ = [ TR (] e LBE)
" n=1 j=1 9 aty Jt=n
w(a+VsB) P(u+VaB)(1) P(W+VaB)(cos O)
n n n
Ecj are numbers, independent of n.
. djb(t) -J
ow uyse lemma 3.3 and write ———= =n Bk hk(
at?d —t=n =1
btain
v d ot -en _-y-=-2v
J(0) =) ) a(ix) | e a7 n, (n)
’ j=1 k=1 n=1
w(a+v,6) P(a+v,8)(1) P(a+v,8)(cos 0)
n n n

are numbers.

'Ee 1(@) consists of a finite lineair combination of s
E

erge uniformly in € in any closed subinterval of (0,m)

functions hk(t) are slowly varying because b(t) belong

s S. From lemma 3.1 and lemma 4.4 it is easily seen th
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=
@
]

1 lim+ Ee 1(@) exists and is easily continuous for

H)
>0 0<0 <.

+
Also as © >~ 0

E,(0)

olb(e™") 0Y72%"2} & (9(1).

(0).

Next we consider Es

52
EE 2(O) = z g. o z e R em n-Y--V-J b(l)(n)
> j,l,m datetl oy
(a+v,B) P(a+v,6)(1) P(a+v,6)(cos 0).
n n n
Here g. are numbers. The first summation is over nonnegative

J,1l,m
values of j, 1, mwithm > 1 and j + 1 + m = v, Application of (2.5)

-1 - —m+ .
and the fact that e ' ¢ P =(HAn 1) gives

[e ]

—O=V=3 -B-} —y=v=J-m+1+o+v+i (1
B ,(0) = @V (o) B ] ] pnvvndmmRmrevh (D))
? J,l,m n=1
a-v-3 B-3 v 'Y'v+§+a
=€ 0 "2 (n-0)"" gdy( Z n |o(n)]).
n=1
Thus Ee , converges uniformly in € in any closed subinterval of (0,m).
b
Now we see that for 0 < © < m, E8 5~ 0 as € > 0, since y + v > a + %
E]
and |b(n)| = (ns) for any § > 0.

Finally we consider E_ 3(@). E__(0) contains terms similar to those
9

of M, E
€

€,3
, B ,» except that herem + j + 1 = v + 1 instead of v.
€,1 €,2

Hence, if we apply to E_ 3(O) reasoning similar to that of the previous
H]

terms, we find that E is a series which converges uniformly in € in

€,3
any subinterval of 0 < 0 < 7. Also we find E_(0) = lim E

3 (0) exists
>0

€,3
and is continuous for 0 < © < 7.
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+
thermore as © - 0 ,

E,(6) = ofb(0™') 6¥72"2} + O(1).

now examine the behaviour of F(cos ©) near © = .

suffices to show that Fé(cos 0) converges uniformly for © sufficie
se to m. For O = m the cdnvergence follows from the well-known

ation

(8 4y = () 2 (B L)

n

theorem 7 of Wainger [1 3] , with x = —g—

use the Bateman integral, (see Askey and Fitch [2], formula 3.lL)

(a,B) (o+B+3,-3)

P 2 (x) T(B+1) X , P 2,2 .
X)B r(la ) = J (1+y)_2 ?a+8+§;_¥) y (x_y)B—z dy

P 27 (=1)  T(3)T(B+3) /-1 P 2,"2

n n (-1)
writing x = 2u -1,y = 222 -1,
28 (a,B) 2. _ 2 u (a+6+%’_%) 2 2 2,8-1
+B+1) Pn (2u -—1) = I‘(B"‘%)F(n"'%) JO Pn (22 —1)(u -Z )

s, applying Szegbd [1%], (4.1.5),

2u'2B I'(n+R+1 )I‘(n+a+B+—g-)I‘(2n+1 )

»B)

(2u2-1) 3
T (B+3)T(n+3) r(2n+a+s+§)r(n+1)

P

u 1 1 _1
(a+3+2,a+3+2)(u2_z2)5 2 4y
o 2n (z)

- (PraP*E 28 Ju p (o+8+3,0¢6+3) 2 26-]

0 on ) (Z) dZ}.

investigate Fe(cos ©) near m. If we put cos 0 = 2u® - 1 we have to

iy u in the neighbourhood of 0.
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u 12 1 1
E‘8(2112_1) - wqu-26 J (u2_z2)8-2 ( z b(n) n~Y o~EB w£a+3+2,a+e+2)
0 n=1

P(a+B+%,a+6+%)

(a+B+},0+B+3),
o (2))

}!
on dz

(1) P
In the first part of this theorem we have shown that the series in the
ntegrand converges uniformly in € in any closed subinterval of (-1,1)

and that its lim,k exists and is continuous. Indeed, if Zan Pia’a)(x)

€ 0+
and ) a P(a,aj(_

sum ) 8 Pég’a)(x) which is a series of the kind used in the integrand.

By the dominated convergence theorem FE(2u2—1) converges pointwise to

x) are continuous functions for xnear x=0, then so is t

.. + . . . .
a limit as € > 0 , at least 1f u 1s sufficiently small.

Moreover

u 1
F(2u2-1) = Hu 28 J c(z) (u2—z2)B 2 4z)
0
shere c(z) is continuous near z = 0. And the convergence is uniform

since

u 1
|u—26 J (1.3.2—22)8(_§ az| =¥(1)
0

is uniformly bounded near u = 0.

o finish the proof we need to show that

F(cos ©) ~ ) b(n) n—Yw(a’B) P(u,B)(1) P(a’B)(cos 0).
= n n n
n=1
3y theorem 2.1 the sum of the right is a Fourier-Jacobi series of a
Punction G(cos ©). In section 1 we showed that this series is Abel
summable to G(cos ©) almost everywhere.

30 G(cos 0) = lim Fs(cos @) = F(cos 0).
e>0
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orem 4.2.

Fa(COS @) = nz1 b(n) e—sn wfla’s) Pr(_la’e)(1) Pr(la’B)(cos O)

h b(t) in S. Then F(cos 0) = lim Fe(cos 0) exists in the pointwise
e~>0
se for © # 0. Moreover F(cos 0) is continuous for 0 # 0.

0=0
“20-3 preh

F(cos 0) gik(sin-g)

vided b'(t) is not zero for all large t. k # O.
ally

[F |F(cos 0)] 0(8)(0) 40 < =
0

and only if b(t) tends to 0 as t » =, If b(t) tends to zero
F(cos 0) ~ Z b(n) w(a’s) P(a’s)(T) P(a’s)(cos 9).
ne1 n n n

of.

proof of theorem 4.2. is essentially the same as the proof of

orem 4.1, As in theorem 4.1, the proof of the first part is reduced
e_etb(t). The fact

5 a(t) contains no power of t accounts for the different conclusion

lemma 4.4 by lemma 2.2, where we take a(t) =

sheorem 4.1 and 4.2. For the second part of the theorem we apply

rem 2.1 which is possible in view of the lemmas 3.3 and 3..4.
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Theorem 4.3.
Let b(t) be in S and let y > 20 + 2. For € > 0 define

F (COS @) = z b(n) n_Y e—sn w(age) P(U:,B)(-I) F
€ e n n
Then
F(cos 0) = linj+ Fe(éos ©) exists for 0 < © < 7 and F(cos 0)

€0
in this interval.

Furthermore

Jﬂ |F(cos @)I p(u’B)(O) do < »

0
and
v - (a,8) _(a,B) (a,B)
F(cos 0) n n§1 b(n) n w, Pn (1) Pnu (
Let
N
B(y) = j b(t) £~ at
1
As 0 > 07
i)  F(cos 0) = =— B(e™) + O(p(e™")|) ify = 20 +:
{r(o+1)}

ii) Ify>20 +2o0r if y = 2a + 2 and J 1o(t) [t at < =
1

lim, F(cos 0) exists and thus F(cos 0) is continuous on
>0
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of..
rything except i) and ii)follows as in the proof of theorem L4.1.

proof of ii) is trivial since the hypothesis implies that
Z b(n) n‘Y w(u,B) P(G,B)(T) P(a’s)(cos @)
0= n n n

verges uniformly in view of (2.6).

#e only need to prove i). By lemma 4.3, equation (L.5),

z[ _11 n_2m_2 |b(n)| wéa’s) IPia’B)(cos o) Péa’s)(1) =
n=|0 _
= ®fo(e™ )},
[o™1]
z n—2a—2 b(n) w(a,B) P( ’B)(COS @) P(G,B)(1) =
n=1

IO—U .
A,0) = T T a2 p(n) u®oB) plesB)(q) plasB)(y)

n=1

2™ _pao (@,8) (a,8) (a,8) (a,8)
o) = T 7 a7 o] w ®B) Bl (hy pleaB)(q) | plenB)

n=1

ronsider first Ae(e).

W((1-cos ©) max %ﬁ P(a’B)(x) ).

-1<x<1

0
O
0
©
I
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By Szegd [12:] » 7.32.10 we have

g.* Pr(la’s)(x) = W(noc+2)'

dx

So
o [0 .
4 (0)] = F1e” T T n [n(n)|} = Prjule™) ).
n=1
We now examine A1(®).
™1
A1(O) = ————ii——7§ ) n! b(n) + ¥(1)

{r(a+1)}" n=1

Hence we have

2 I§~ 1

F(cos 0) = 0™ b(n) + ®|oe™") 3.

{F(u+ﬂ)}2 n=1

Now according to lemma 3.5, |b(t)| = o(B(t)) as t + « and

[t
-1 . . .
B(t) = i] b(n) n  which gives us the proof of i).
n=1

Remark L4.1.
Theorem 1 and theorem 3 yield more information in the special case
b(t) = 1. Let

F(COS @) " z n—Y wﬁags) Péd:B)(1) P(a’B)(COS @)

n=1 n
wvith vy > 0.
[hen
& Q\Y-20-2+] 1
(4.12) F(cos 0) = 85 (sin ST 4 4 10g |07 + E(0)
3=0

1(0) is at least (M 1) and has at least Y - 2a - 2 + k continuous
lerivatives. The Bj and U are numbers. W is zero unless y + j = 2a

‘or some integer j, 0 < j < k.




ark 4.2.

important pa

n Fe(cos 0)
os 0) = lim

.. >0
© =0 (L4.10)

this case th
orem 2.1 and
obi series o
hough F(cos

’B)(@) but a
os 0) with a

oth near to

m 4,1

y (k.9
till e

10) do

e cann

ger a
n, we

ion G(

Cif vy
', then

conti

fy the
that i

L1(0,ﬂ
le to

ver G(

of

rier-

ct to
funct

fficie
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actional integration.

(cos ©) be a function in L1(O,n) with respect to p(a,B)(@)
ad by

flcos 0) = J a wl®%:B) plosB)eyy plasB) oy
n n n n

n=0
xtion 1 we introduced the differential operator AO and defined

<]

= +.
Ae f(cos 0) 8, nZ1 & n(n+o+B+1) P

(a,8)

N (1) Pia’e)(cos 0

¢ introduce the inverse operator I2 given by

(o]

+ n£1 an[h(n+a+6+1i]_1 Péu,B)(1) Péa’s)(cos

I, f(cos 0) = a

2 0

‘hat Ag 12 f(cos ©) = £(cos 0), or by (1.4),

© " ¢
I, f(cos 0) = J . a¢ f(cos t) p(“’B)(t) dt + c.
2 0 p(W,B)(q)) jo cos ¢

have

® g

go,(COS O) =1 + z El(n+a+8+‘|)] 2 w(“sS)P(a,B)(,‘)
n=1 n n

:0s ©) can be generalized to the fractional integral Ia f(cos 0)

:ing the convolution of f(cos 0) and gc(cos 0) which is

m™
I f(cos @) = J f(cos 0,cos ¢) go(cos ) p(a’s)(¢) dé.
0

_ v (a,8) o(a,8) (a,8)
f(cos O,cos ¢) = n£1 a, W Pn (cos 0) Pn (cos ¢)
ection 1).

lows that

Jo
IO’ f(COS @) = ao + 21 an[n(n+a+8+1):| 2 wéaaB)PflasB)(1)
n=
(a,B)(

P cos 0).
n
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is clear that this fractional integration satisfies the semi-groug

yperty

6) I (I_ f(cos9)) =1 f(cos 0).
o, 7o, 0,0,

iy of the classical theorems for fractional integration (see Zygmur
J, ch XII) can be carried over. This will be done in this section.
first introduce Lipschitz classes.

{
‘inition 5,1.
. £ be in L_(0,m).
0 < 1 £ 2 we define f to be in Lip 7 if

T
| |£(cos ©,cos ¢) - f(cos O)||m < A(1-cos ¢)2 ==GK¢T).

T > 2 we can write T = 2k + T, (k integer > 1, 0 < T, < 2) and
say that f is in Lip T if the k times repeated application on f
the differential operator Ae leads to a function in Lip Tye
orem 5.1.

0<o0<2,0<T< 2 and suppose f € Lip T.
n Icr f(cos 0) e Lip(o+t) if 0 + T < 2.

of.

need the following inequalities
T) Igo(cos 0)| = G?(Oc_ea'g) 0<o<20+2

re gc(cos ©) is defined by (5.3). This estimate can be derived

m theorem 4.1 noticing that

- 20+2- .
rtmrarsst ] 2 m 0 4 1D o g0 4 g (E2))

. n

=t
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ertain numbers ¢ (5.7) follows applying (4.12) and (2.6). It
ear that (5.7) can only be used for values of o less than 2q + 2.
er, we can come beyond this value by breaking up o in parts

1 H O, e+ oy (cj <2 + 2, 1 <j < k) and applying (5.6).

|g0(cos O,cos ¢) - gc(cos 0)| < ¢ ¢2|go_2(cos 0)| =

- C1 ¢2 @0—2a—h.

follows from (1.14) and remark k.2,
n now go on with the proof and follow Zygmund [14] II, p 136.

se f€ Lip 1 and 0 < ¢ <

=

" (u,8)
208 t) J f(cos O,cos t) gc(cos Q) p o,B (0) a0

0

T .
J {f(cos 0,cos t) - f(cos t)} gc(cos o) p(u’B)(O) d0
0

T
:08 t,cos ¢) J f(cos ©,cos t,cos ¢) go(cos 0) p(u’B)(O) do

0

™
J (f(cos ©,cos t) - f(cos t) go(cos O,cos ¢)
0

o(®B)(6) a0

10s t,cos ¢)

™
I f(cos t) = J {f(cos O,cos t) - f(cos t)}
0

{gc(cos O,cos ¢) - gg(cos 0)} p(a’B)(O) ae

¢ T
[+ =a+s.
0 ¢

¢
J $e™) {lgo(cos O,cos ¢)| + lgo(cos 0)|} p(a’B)(O) de
0 ,

=
Il

J l}«@T) Igo(cos @)’ p(a’B)(G) d® (this follows from (1.16))

0
¢

- J (9(91) Oo—2a-2 e2a+1 a0 = l91¢0+T)
0
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T o1 (a,B)
|B| = J 0 lgc(cos 0,cos ¢) - go(cos 0)| o (0) ao

¢
< (¢2) on ®T+0—2a—h 92(1"'1 do =
¢
¢

ce 0 + T < 2, Hence A + B = Cy(¢O+T) which proves theorem 5.1.

ark 5.1.
orem 5.1 is valid for all positive values of ¢ and T except the
e that 0 + T = even integer.
o=2k +o0,and T =2l +T, (k,1 integer > 0, 0 < o, <2,
T, < 2). If o, + T, < 2 we apply the differential operator A@
1 times in (5.9) and show that the result is Qy(¢01+T1). If
+ T, 2 we apply the differential operator A_ k + 1 + 1 times
(5.9) and show that the result is H(¢71*"1"2). If ve had been
king with another definition of Lipschitzsspaces(t > 2) using

her order differences, defined by

(a,B)
© P E] ( O)
fcos 0) = 2 a'n wn P(Q’B)(” Pr(lot,fw(Cos ) ];np(agﬁj(()?) B 1:! ’

n=0 B

n
tead of the differential operator AO’ we would not have to make

exception for o + T = even integer.

orem 5.2.
pose T € Lq’ 1 < q < o,

b} ; . . 2 +2
e o <2+ 22 then T £ e Lip(o - 22
q q o q

)

of.

i61lder's inequality

10) ||I0 f(cos O,cos ¢) - Io f(cos G))[I°° =

T
= IIJ f(cos O,cos t) {gc(cos t,cos ¢) - gc(cos t)} p(a’s)(t) dt]lm

0

" (a,8) a (" '
< { J |£(cos t)]|% p' %> (t)dt}q{J lg (cos t,cos ¢)-g (cos t)|%

0 0 o] o 1

p(a,B)(t)dt}E'




4o

where l-+ l} = 1.

q a
We have to show that the last factor is (Y(o -
Using (5.7) and (5.8) we write

2042 )
q .

™ ] ¢ m
lg_(cos t,cos ¢) ~ g (cos t)|% p(a’B)(t) it = + | =A+B,
JO g S g \co JO J¢
1 ¢ 1 ¢ 1
a2 [ g leos )17 0l e) an = [1 @alT2eR)an ) (008) g
0 0

at =(9(¢(0—2u—2)q'+2u+?)

[¢(9(t(0_2a_2)q'+2a+1)
0

1 m 1
Beco® [ g 0|2 o008 (e -
¢

(9(¢2q') J t(o-2a—h)q'+2a+1 4t = (9«¢(0—2a—2)q'+2a+2)
¢

_2ar2
So the last factor of (5.10) is (9(¢ %), The inequalities

(0 -2a -2)g' +20 +1>-1and (0 -2a - 4)g' +2a + 1 < = 1,
which we used in estimating A and B, are equivalent to the hypothesis

20+2 20+2
== «<g + ==,

< 2

Theorem 5.3.

+ . ..
Ifq>1,0<0<222 oqirre L,s then I f is in L where
1_1__o
r qQ 2o0+2
Proof.

This is a consequence of our theorem 4.1 and theorem 2.6 of O'Neil [1ﬂ.

To use this theorem we need to calculate g:*kcos o).
We define the set Ey = {O:Igc(cos 0)| > y} and define g:Ycos 0) as

the inverse function of m(go(cos 0),y) = meas (E ).

yy1/(c—2§-2)

In view of (5.7) we have essentially Ey = {0:0 > } and

(sin 5) (cos E) do = Q}(y(Qa*z)/(O—2a-2))

m 0 20+1 0 2B+1
neas(E ) =
J 1/(0-20-2)
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*»
he inverse function g_(cos 0) = (9(9(9“2?“2?/(2@+2)) and

S} ;
cos 0) = % J g:Ycos 0) do = CKO(°‘2G'2?4(2“+2)),
0 S
1
. 5 o .
se the norm ||g_(cos 0)]]| = sup 0 g (cos ©) and it follows
o P> %0
20.+2
g(cos 0) € 142a+2—0’ ).

il's theorem 2.6 now states that if f € L(q.q) = Lq and

20+2 . e 1 20+2-0
—_—— » — 4 =Y
(2a+2—0’ ) with the conditions 1 5atp > 1» then
1 _1 g
€ L(r,s) where — = 4 " Zq+p ond any number s > q.

2 choose s = r theorem 5.3 is proved.

>w define the fractional derivative of order o by
‘cos 0) = A . .

) o Io g f(cos 0)
em 5.4,

) < g <1< 2, Then D, T € Lip(t-0) if f € Lip .

we to show that D0 f(cos 0) = AO 12_0 f(cos ©) exists and is in

‘=g). We write

™
(asf
Jo A, {I2 f(cos 0,cos t) - I, f(cos O)}gz_g(cos.t)p

f(cos 0)

o,

m
(
Jo {12 f(cos O,cos t) - I, f(cos 0)} A, ge_c(cos t)p

ise of the selfadjointness of the operator At'

cos ) = A I f(cos 0) =

f {f(cos 0,cos t) - f(cos 0)} At &g (cos t) p(a’B)(t)

lt




Lo

exists, since the integral on the right converges absolutely and

uniformly. We have

T

D f(cos ©,cos ¢) = D f(cos 0) = 0(0,t,0) A, g, (cos t) p(a’B)(t)d1
(o (o] 0 t P2-0' .

where A(0,t,¢) = f(cos ©,cos t,cos ¢) - £(cos 0,cos ¢) - f£(cos O,cos t)

+ f(cos 0). Clearly, by (1.16), o = Y(t") ana regrouping terms we also

find that A = ¥(¢"). Applying these estimates and (1.15) combined with

remark 4.2, we find

leo f(cos @,cos ¢) - D, f(cos 9)||§ =

- r (Y(£F) £7OB0BRHY g o o7 F O (£70720ER ) e = (§(67 7).

0 ¢
Remark 5.2.
Theorem 5.4 is valid for all positive values of ¢ and T with O < ¢ < T
except the case 1 - 0 = even integer. This can be done by using AO in
the same way as mentioned in remark 5.1.
As an application we give sufficient conditions for f(cos 0) to have
a uniformly convergent or an absolutely convergent Fourier-Jacobi
series. The partial sum SN(cos ©) of the series (1.7) can be written

as the convolution of Do f(cos ©) for some o with a kernel gg(cos 0)

where

N <
gg(cos 0) =1+ ) (n(n+a+p+1)) 2 wia’s) Pia’s)(1) Pia’s)(cos 0).
n=1

If there exists a o, such that D, f(cos 0) is continuous and gg (cos 0)
1 1

is in L1(O,n) with respect to p(a’B)(O) it follows from (1.13) that
| Isy(cos @)]], <A []&] (cos o)l |In, £(cos 0],
1 1

which implies that f(cos 0) has an uniformly convergent Fourier-Jacobi

series. In order to find the behaviour of lgg (cos 0)], a straight-
1
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‘ward calculation similar to those in section 4, using a summation
parts (lemma 2.1) and splitting up the sum in
9] N
and Z , leads to the estimate
n=[1/60]+1

0, -2a-2 o, -a-B-1
Igg (cos ©) =0 (nz0) | ) if o, > a + 3,
1

. in this case |[g§ (cos O)||1 < =,
1
m theorem 5.4 it follows that for certain o, > a+ 3 D, f is stil
1

tinuous if f € Lip(a+3+e). Therefore if f & Lip(oa+i+e) f(cos 0)

a uniformly convergent Fourier-Jacobi series.

g (cos 0) = lim gN(cos ©) as in (5.3).

o o

N>
there exists a o, such that D_ f(cos 0) is continuous and
2

(cos ©) is in the weighted L2(O,ﬂ) it follows from the Canchy-
warz inequality, that f(cos ©) has an absolutely convergent Fourie
obi series.
m (5.7)it follows that‘go (cos ©) is in the weighted L2(O,w) if
> o + 1. Therefore f(cos 8) has an absolutely convergent Fourier-
obi series if f € Lip(o+i+e).
have to mention that these results are not best possible, but
ost best possible, whereas the proofs are very simple. Best possib
ults concerning uniform convergence are given by Agahanov and
anson [f] (or by the much older results of Gronwall Bi] for
endre polynomials). For slightly better results on absolute

vergence we refer to the paper of Ganser Eﬂ.
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